Abstract. Given non-empty subsets A and B of a metric space, let S : A → B and T : A → B be non-self mappings. Taking into account the fact that, given any element x in A, the distance between x and Sx, and the distance between x and T x are at least d(A, B), a common best proximity point theorem affirms global minimum of both functions x → d(x, Sx) and x → d(x, T x) by imposing a common approximate solution of the equations Sx = x and T x = x to satisfy the constraint that d(x, Sx) = d(x, T x) = d(A, B). In this work we introduce a new notion of proximally dominating type mappings and derive a common best proximity point theorem for proximally commuting non-self mappings, thereby producing common optimal approximate solutions of certain simultaneous fixed point equations when there is no common solution. We furnish suitable examples to demonstrate the validity of the hypotheses of our results.
Introduction
Many problems of physical world are modelled in the form of operator equations. The fixed point equation T x = x is one among them. Fixed point theory constitutes an important tool in dealing with such situations. A very powerful tool in solving existence problems in many branches of analysis is the Banach fixed point theorem [7] (or Banach's contraction principle), which assures that every contraction from a complete metric space into itself has a unique fixed point. Recall that a self-mapping T : X → X, where (X, d) is a metric space, is said to be a contraction if there exists 0 < k < 1 such that for all x, y ∈ X, d(T x, T y) ≤ kd(x, y).
(
In case, the fixed point equation does not possess a solution, the "Best approximation pair theorems" and "Best proximity pair theorems" are explored as alternative. A best approximation theorem provides sufficient conditions to ascertain the existence of an element x 0 , known as best approximant, such that
where d(X, Y ) = inf{p(x − y) : x ∈ X and y ∈ Y } for any non-empty subsets X and Y of topological vector space E with continuous seminorm p and T is mapping with domain A. An important contribution in this regards was made by Ky Fan [10] as below: Theorem 1. [10] . Let C be a non-empty compact convex subset of Hausdorff locally convex topological vector space X with a continuous semi-norm p and T : C → X is a single valued continuous map, then there exists an element x 0 , called a best approximant, in C such that
Subsequently, this result has been generalized in various directions by several authors, including Prolla [21] , Reich [22] and Sehgal and Singh [31, 32] . Interestingly, Vetrivel et al. [34] have furnished the unification of all such best approximation theorems. Even though the best approximation theorems are congenial for providing an approximate solution to the equation T x = x, such results may fail to produce an approximate solution that is optimal. On the contrary, best proximity point theorems yield an approximate solution that is optimal. Indeed, a best proximity point theorem establishes sufficient conditions for the existence of an element x such that the error d(x, T x) is minimum. Essentially, a best proximity point theorem is devoted to the global minimization of the real valued function x → d(x, T x), which quantifies the error involved for an approximate solution of the equation T x = x. In light of the fact that, for a non-self mapping T : A → B, d(x, T x) is at least d(A, B) for all x in A and y in B, a best proximity point theorem accomplishes global minimum of the error d(x, T x) by postulating an approximate solution x of the equation T x = x to satisfy the condition that d(x, T x) = d(A, B). Such an optimal approximate solution of the equation T x = x is designated as a best proximity point of the non-self mapping T : A → B. Another interesting aspect of best proximity point theorems is that they evolve as a natural generalization of fixed point theorems, since a best proximity point becomes a fixed point if the underlying mapping is a self-mapping.
A best proximity point theorem for contraction has been elicited in [27] . Anuradha and Veeramani [6] have investigated best proximity point theorems for proximal pointwise contraction mappings. Also, best proximity point theorems for many variants of contractions can be found in [1, 4, 9] and [14] . A best proximity point theorem for contractive mappings has been established in [26] . Anthony Eldred et al. [4] have examined a best proximity point theorem for relatively non-expansive mappings, a different approach to which has been considered in [30] . For detail see also [2] - [37] and their references therein.
Let us suppose that A and B are nonempty subsets of a metric space. Let S : A → B and T : A → B be non-self mappings. Considering the fact S and T are non-self-mappings, it is feasible that the equations Sx = x and T x = x are likely to have no common solution, known as a common fixed point of the mappings S and T. In fact, common best proximity point theorems scrutinize the existence of such optimal approximate solutions, known as common best proximity points, to the equations Sx and T x in the event that the equations have no common solution. As a matter of fact, common best proximity point theorems inspect the existence of such optimal approximate solutions, called common best proximity points, to the equations Sx = x and T x = x in the case that there is no common solution. It is highlighted that the real valued functions x → d(x, Sx) and x → d(x, T x) assess the degree of the error involved for any common approximate solution of the equations Sx = x and T x = x. Considering the fact that, given any element x in A, the distance between x and Sx, and the distance between x and T x are at least d(A, B), a common best proximity point theorem affirms global minimum of both functions x → d(x, Sx) and x → d(x, T x) by imposing a common approximate solution of the equations Sx = x and T x = x to satisfy the constraint that
The purpose of this paper is to furnish a solution to the problem that is more generic than the one just detailed. In this paper we introduce a generalized proximally dominating mappings for a pair of non-self maps and discuss the existence and uniqueness of a common best proximity point theorem presented in this paper assures a common optimal solution at which both the real-valued multiobjective functions x → d(x, T x) and x → d(x, Sx) furnishing common optimal approximate solutions of simultaneous fixed point equations Sx = x and T x = x in the circumstance that there is no exact common solution, where S : A → B and T : A → B are proximally commuting non-self mappings. We furnish suitable examples to demonstrate the validity of the hypotheses of our results. Our results are extension of the results of Basha [29] . Further, it subsumes a common fixed point theorem, due to Banach [7] , Chatterjea [8] , Hardy and Rogers [11] , Jungck [12] , Kannan [13] for commuting self-mappings.
Preliminaries
Let A and B be two nonempty subsets of a metric space. This section recalls the following notation and notions that will be used in the subsequent section:
It should be observed that a common best proximity point is an element at which the multi objective functions x → d(x, Sx) and
Definition 2. A is said to be approximatively compact with respect to B if every sequence {x n } of A satisfying the condition that d(y, x n ) → d(y, A) for some y in B has a convergent subsequence.
It is evident that every set is approximatively compact with respect to itself. Also, every compact set is approximatively compact with respect to any set. Further, it can be seen that if A is compact and B is approximatively compact with respect to A, then the sets A 0 and B 0 are non-empty. Definition 3.
[29] The mappings S : A → B and T : A → B are said to commute proximally if they satisfy the condition that
for all x, u and v in A.
It is easy to observe that proximal commutativity of self-mappings is just commutativity of the mappings. Definition 4.
[29] A mapping T : A → B is said to dominate a mapping S : A → B proximally if there exists a nonnegative number α < 1 such that
imply the inequality that
Next we introduce a generalized proximally dominating mappings for a pair of non-self maps.
Definition 5. A mapping T : A → B is said to dominate a mapping S : A → B generalized proximally of first kind if there exist non-negative numbers α, β, γ with α + 2β + 2γ < 1 such that
If β = 0 = γ, then T dominates S proximally. If T and S are self-mappings on A, then the requirement in the preceding definition reduces to the condition that
The following example illustrates the notion of generalized proximally dominating mappings: In this section, we prove existence of a common best proximity point for generalized proximally dominating mappings and proximally commuting non-self mappings. 
Proof. Let x 0 be an element in A 0 . The fact that S(A 0 ) is contained in T (A 0 ) guarantees the existence of an element x 1 in A 0 such that Sx 0 = T x 1 . Again, since S(A 0 ) is contained in T (A 0 ), there exists an element x 2 in A 0 satisfying the condition that Sx 1 = T x 2 . This process can be continued. Proceeding inductively, it is easy to assert that there exists a sequence {x n } of elements in A 0 such that Sx n−1 = T x n for all positive integral values of n, because of the fact S(A 0 ) is contained in T (A 0 ).
On account of the fact that S(A 0 ) is contained in B 0 , there exists an element u n in A 0 such that
for all positive integral values of n.
Further, it follows from the choice of x n and u n that
By the generalized proximally dominating property, we have
This implies that
where the constant k = α+β+γ 1−β−γ is strictly less than 1. It follows that {u n } is a Cauchy sequence and hence converges to some u in A. Because of the fact that the mappings S and T are commuting proximally, T u n = Su n−1 for every positive integer n.
Therefore, the continuity of the mappings S and T ensures that Su and T u are identical.
In view of the fact that S(A 0 ) is contained in B 0 , there exists an element x in A such that
As S and T commute proximally, Sx and T x are identical.
Then since S(A 0 ) is contained in B 0 , there exists an element z in A such that
which implies that x = z, that is, x and z are identical.
Thus, it follows that
. Therefore, x is a common best proximity point of the nonself-mappings S and T .
Suppose that x * is another common best proximity point of the mappings S and T so that
From (3), we have
which in turn implies that x = x * . This completes the proof of the theorem.
The following example demonstrates the validity of the Theorem 2:
Example 2. Consider R 2 with Euclidean metric. Let 
Consequences
In this section, we derive some fixed point theorems from our main result given by Theorem 2. Corollary 1. Let A and B be non-empty closed subsets of a complete metric space. Also, assume that A 0 and B 0 are non-empty. Let the non-self mappings S : A → B and T : A → B satisfy the following conditions:
(a)' T dominates S proximally such that Remark 1. Corollary 1 and 2 extend and generalizes the Theorem 3.1 [29] .
Corollary 3. Let X be a complete metric space. Let the self mappings S : X → X and T : X → X satisfy the following conditions: (5) for all x 1 and x 2 in X; (b)"' T is continuous; (c)"' S and T commute; (d)"' S(X) ⊆ T (X). Then, the mappings S and T have a unique common fixed point.
Remark 2. Corollary 3 extends and generalizes many existing fixed point theorems in the literature [7, 8, 11, 12, 13] .
